Finding new phase is a fundamental task in physics. Landau's theory explained the deep connection between symmetry breaking and phase transition commonly occurring in magnetic, superconducting and superfluid systems. The discovery of the quantum Hall effect led to Z topological phases which could be different for same symmetry and are characterized by the discrete values of the Berry phases. By studying 1D trimer lattices we report new phases characterized by Berry phases which are piecewise continuous rather than discrete numbers. The phase transition occurs at the discontinuity point. With time-dependent changes, trimer lattices also give a 2D phases characterized by very specific 2D Berry phases of half period. These Berry phases change smoothly within a phase while change discontinuously at the transition point. We further demonstrate the existence of adiabatic pumping for each phase and gain assisted enhanced pumping. The non-reciprocity of the pumping process makes the system a good optical diode.
I. INTRODUCTION
The discovery of the Berry phase [1] [2] [3] and the theory of Quantum Hall effect [4, 5] , has led to large number of studies on the topological states of matter. Three distinct properties characterize non-interacting topological states of matter. These are the Berry phase, discrete symmetry and band gap between the energy bands in parameter space. In translationally invariant systems, Bloch momentum k is the parameter and the Brillouin zone is the parameter space. The Berry phase is then the external phase acquired by the eigenstate ψ n (k) of Hamiltonian H (k) while parameter k changes adiabatically around a loop in the Brillouin zone. For electrons, the physics is determined by the filled energy bands. A characteristic parameter can be defined based on the Berry phases of the filled bands [4] [5] [6] [7] [8] [9] [10] . The discrete symmetry of system allows only discrete values of the characteristic parameter [6] [7] [8] [9] . Each discrete value relates to a specific topological structure (a complete ball, a complete torus, e.t.c.) and is called the topological number [11] . Continuous changes of parameters of the Hamiltonian may continuously deform the energy bands, however it can not change the characteristic parameter, unless the band gap is closed and reopened to form a new type of band structure [11, 12] . In this sense, different matter phases are labeled by the discrete topological numbers. These topological phases have distinct physical properties such as type and number of robust edge modes and the corresponding quantum electric transport [13] [14] [15] . Any perturbation with respect to the symmetry which preserves the band gap can not destroy the phase [16] . The symmetry is important as when it is broken, the system can be smoothly changed from one phase to another without closing the gap [17] .
For the quasi-1D system, each filled energy band ε i (k) has the Berry phases (module 2π) θ i ∈ [−π, π]. The quantity
gives the position of the Wannier center of the corresponding (hybrid) energy band, i.e. the center of mass of electrons in each unit cell, here the size of unit cell is supposed to be 1 [9, [18] [19] [20] . Obviously, non-zero Berry phase θ i = 0 means the center of mass of electrons is not same as the center of mass of atoms, the system is polarized. For 1D sub-lattice system [6] [7] [8] , sum of Berry phases of filled band is a characteristic parameter. Non-trivial topology of such a system only allows θ i = ±π, which means maximum non-zero polarization of the system. When the the system is finite i.e. has boundaries, the polarization is reflected by the occurrence of extra edge eigenstates, for which electrons are localized at the boundary [14] .
The 2D nontrivial topology leads to an important new aspect which is called adiabatic pumping [21] by the way of dimensional reduction [22] . To understand this, let us fix k y in H (k x , k y ) and get the polarization θi(ky) 2π along x-direction, here θ i (k y ) is a function of k y . Then we adiabatically change k y by one period from −π ∼ π and measure the changes of polarization θi(ky) 2π . Non-trivial 2D (Z) topology means the center of mass of electrons θi(ky) 2π
the localized state at another edge. An integer number of electrons from all the filled bands are adiabatically pumped from one edge to another during the period. It should be mentioned, for one fixed k y , H (k x , k y ) in general is no longer a 1D topology insulator, or else θi(ky) 2π is quantized and can not smoothly change while k y changes.
Thus to summarize the most important aspects of the 1D and the 2D topology are the Berry Phase connection to the topological numbers and the adiabatic pumping. In this article we present our theoretical results on trimer 1D lattices, which can be used to demonstrate all the new aspects of 1D phases. The photonic realization of the trimer lattices is with in the current reach where waveguides can be written on a chip by using femtosecond lasers [23] [24] [25] . Further the bending of waveguides can be used to bring additional dimensionality to the system and thus the new aspects of the 2D phases can be studied. We discuss the new phases that can arise due to the existence of a symmetry different from crystal symmetry, we call it unit-cell symmetry (UCS). Our key findings are-1. the existence of piecewise continuous Berry phases which define two new 1D phases with the phase transition occurring at the discontinuity; 2. existence of edge modes localized at the opposite edges for the two different phases and the tomography of such modes; 3. The 2D realization using 1D lattice of trimer leads to phases characterized by very specific 2D Berry phases of half period, these characteristic Berry phases change smoothly within a phase while change discontinuously at the transition point; 4. The existence of adiabatic pumping for each phase; 5. Existence of gain assisted enhanced pumping; 6. Nonreciprocity of the pumping process making the system a good optical diode. The origin of non-reciprocity in our linear device is traced to certain symmetry properties. This is distinct from recent apparatus based on nonlinear optical methods [26] [27] [28] [29] [30] [31] . The addition of gain and loss is especially important for utilizing edge modes for adiabatic pumping and the nonreciprocal behavior of the system.
II. NEW PHASES OF 1D SYSTEM: PIECEWISE BERRY PHASE
Our investigations are based on a 1D trimer lattice where each unit cell consists of three sites with a specific form of symmetry to be referred to as unit-cell symmetry (UCS in short). The fundamental eigen equations for a trimer lattice are given by
here ε is the eigen energy, n is the index of unit cell, A, B, C label the three different sites in each unit cell ( Fig. 1. very top part (a) ), h AB , h BC , h CA are the coupling between the two sites, they are real; ε 0,A , ε 0,B , ε 0,C are the on-site energies which we assume to be real and equal. As non-zero values of the on site energies give over-all energy shift, we can set these as zero. However positive or negative imaginary parts of on-site energies are used in the latter discussion. This inclusion produces important new results specifically in the context of pumping. With the same on-site energies, UCS is given by the constraint on the coupling h CA = (h AB + h BC ) /2. We will discuss more about this symmetry later. Now we want to show that UCS makes the Berry phase piecewise continuous and can bring two new phases of matter.
For the trimer lattice of infinite length, the system is translationally invariant and can be described by the Bloch Hamiltonian
The Berry phase of the 1D trimer lattice can be calculated by this translationally invariant Hamiltonian. With ε 0,A = ε 0,B = ε 0,C = 0, by writing h AB =h + h d and h BC =h − h d , the Hamiltonian can be simplified as
where α = h d /h, and the constraint h CA = (h AB + h BC ) /2 is given by β = h CA /h = 1. It is convenient to choose the overall factorh = 1. For the system has UCS, the eigen problem of H (β = 1, α, k x ) can be solved numerically. For each eigenstate u n,kx (n = 1, 2, 3), we can obtain the Berry-Wilczek-Zee connection A n (k x ) = −i u n,kx | ∂ ∂k |u n,kx [2, 3] , and calculate the corresponding Berry phase θ n =´2 π 0
By setting θ i ∈ [−π, π], the freedom of the Berry phase is fixed, and has the physical meaning of center of mass of electrons within one cell.
All the numerical results are shown in Figure 1 . The parts (b-d) give the energy bands of H (β = 1, α, k x ). The band gaps are closed at α = 0 and opened when α > 0 or α < 0. The Fig. 1(e) gives the spectrum of trimer lattice of finite length W (see Eq. (1) for the Hamiltonian H (β = 1, α, W )), i.e. the translational invariance is broken and k x is no more a good quantum number. The edge modes occur for the finite trimer lattice, they are localized at the left edge for α > 0 ( Fig. 1.(f) ) and at the right edge for α < 0 ( Fig.1.(h) ).
From the distinct behavior of eigenvalues and eigenstates, it is clear that α > 0 and α < 0 are two different phases separated by α = 0. We will now characterize these phases via the Berry phases of the eigenfunctions of H (β = 1, α, k x ). We can see that Berry phases of all the three bands are discontinuous at α = 0 ( Fig. 1. (i)-(k) ). For the lowest band and the top band, we have θ = π/2 at α → 0 + and θ = −π/2 at α → 0 − . The Berry phase θ decreases when |α| increases. For the multi-electron ground state that only the lowest band is filled, this picture means when the system is at the ground state, it is positively polarized for α > 0 and negatively polarized for α < 0 , and the polarization reaches maximum at |α| → 0. Thus these two are physically distinct phases and disconnect with each other unless the band gap is closing.
Note that α = 0, β = 1 means that the hopping terms between any two sites are same. The disconnection of Berry phase means α = 0 is not a stable. Any small disorder may make the lattice positively polarized or negatively polarized. The instability at α = 0 is in fact the instability of the 1D lattice that is composed of the same sites. The instability is the reason that 1D lattice can be dimerized and described by the SSH model if the density of free electrons is 1/2 (i.e. on average every two sites contain one electron) [36] . Our calculation shows that the 1D lattice is also not stable if the electron density is 1/3. When the system is 1/3 filled, a small gap is easily opened at the Fermi surface due to the instability, which makes the ground state one stable trimerized phase. The two phases of trimer lattice are the correspondence of the two phases of dimerized lattice, we may call them α + phase (for α > 0) and α − phase (for α < 0). Now we may discuss the symmetry of the system. It is easy to check that the Hamiltonian (3) has the in-
with the inversion matrix U = phase is the center of mass of electrons, the inversion symmetry means center of mass of electrons is also inverted, i.e. θ (α) = −θ (−α). However, this symmetry can not guarantee the discontinuity at α = 0. As mentioned, the discontinuity is due to the UCS h CA = (h AB + h BC ) /2 or β = 1. This can be seen from , it is clear that UCS β = 1 guarantees two distinct phases for α > 0 and α < 0. When UCS β = 1 is broken, the system can be continuously tuned from the α + phase to the α − phase without closing the band gap (see Figure 2 . (c),(g)). Thus the constraint β = 1 has the same role as the symmetry on the non-trivial topological system, though no global unitary symmetry matrix U H (k x ) U −1 = H (k x ) can be found and there is no correspondence with the crystal symmetry. Since it is the constraint on the unit-cell, we call this constraint as unit-cell symmetry (UCS).
We next return to the question of edge and bulk modes for the model, we will show the edge modes are robust and distinct from bulk modes even when the system is open to the environment. For Eq. (1), we choose the coupling between sites h AB = 0.35h 0 , h BC = 0.7h 0 and h CA = 0.5h 0 , i.e. α = −1/3 and β = 1/1.05 0.95 in Eq. (3). Thus we look at the α − phase. In addition, we add a small imaginary part to the on-site energies, specifically we choose ε 0,A = −0.02h 0 i, ε 0,B = 0.02h 0 i and ε 0,C = −0.02h 0 i, i.e. sites A and C have the same loss, but site B has gain. We match the loss and gain rates. Here the overall scaling factor h 0 only scales the eigen spectrum and has no effect on the distributions. We choose it as 1 in further discussion. The plots in Fig. 3 show a very remarkable result: the edge modes do not decay while the bulk states decay. The spectrum for infinite lattice Eq. (2) is given by Fig. 3 .
(a)-(b).
Compared to infinite lattice, the trimer lattice of finite length (1) contains two extra modes. The real parts of eigen energies of these two edge modes are in the real gap between bands (Fig. 3. (c) ). The imaginary parts of eigen energies of edge modes are exactly zero ( Fig. 3.(d) ). In contrast, the imaginary part of the normal eigen modes is always smaller than zero. This can be clearly seen from Fig. 3. (d) or by comparing with Fig. 3. (b) . The distribution of the two edge modes is almost same and is localized at the right edge of the lattice (Fig. 3 . (e), (f)). We may also find that the distributions at sites B and C are same and there is almost no distribution at site A. The distributions decay fast from the edge, roughly at
W −n c 0 , here n is the index of the unit cell, W is the total width (i.e. total number of unit cells), c 0 is the probability at the right most side. In this sense, the two modes are called edge modes, and other modes are called bulk modes. For such a system the propagation of light can be used to do tomography of the non-decaying edge modes as shown latter in Fig.  5.(b) . This is because the bulk modes decay away. It should be mentioned, the zero decay of edge modes is due to the way we choose the imaginary part of the onsite energies. However, even if we choose the imaginary part in a different way so that edge modes also decay, both the real and imaginary spectrum of edge modes are still away from bulk modes and the distributions are still localized, which make them physically distinct from bulk modes.
III. NEW PHASES OF THE 2D SYSTEM CHARACTERIZED BY THE PIECEWISE HALF-PERIOD 2D BERRY PHASE
For the 1D system, Figure 2 shows that the two phases α > 0 and α < 0 are no more distinct when β = 1. It also shows that, β > 1 and β < 1 are the two different ways to break the UCS β = 1. As the physical meaning of Berry phase θ 1 /2π is the center of mass of electron within the unit cell, Figure 2 .(a)-(b) shows the average motion of electron while α changes, three connected cells are shown [9] . For β = 1, the two disconnected piecewise Berry phases (Fig. 1.(h)-(j) ) are now smoothly connected at α = 0, which means the electrons can smoothly move from positive position to the negative position. However, the motions for β > 1 and β < 1 are totally different. For β < 1, two pieces of Berry phases are connected at θ 1 = 0, the electron can only moves within one cell ( Fig. 2(a) ) . For β > 1, two pieces of Berry phases are connected at the cell boundary θ 1 = ±π, the electron can moves from one cell to another (Fig. 2(b) ).
We may effectively build 2D material by smoothly connecting the two 1D phases α > 0 and α < 0 with the Hamiltonian,
with the periodic term α (k y ) = α 0 cos k y . From the inversion symmetry of the 1D system (3), it is easy to check that the Hamiltonian (4) has the inversion symmetry
The inversion-symmetric topological insulators have been well discussed for evenband systems [9, 38] . Here for triple-band system, we show that the cases β > 1 and β < 1 are two distinct 2D phases although they are not the topological system in the usual sense. The discussion in the following supposes that only the lowest band is filled, thus the edge modes between the top and middle bands do not participate.
For a translationally invariant system, non-zero integer numbers of 2D Berry phase B 2 = 1 2π´k y =π ky=−π dθ (k y ) are used to characterize the non-trivial 2D Z topology, with θ (k y ) the effective 1D Berry phase of the filled band for fixed k y . However, for our model, we need some other characteristic parameter to characterize phases. This is because B 2 of Eq. (4), with the choice α (k y ) = α 0 cos k y , is always zero as θ 1 (k y ) = θ 1 (−k y ), the two half periods cancel each other (Fig. 4. (a-c) ). It is useful to introduce the Berry phase of half period (α (k y ) changes from −α 0 to α 0 )B 2 = 1 2π´k When the system is finite in x-direction, Fig.2. (g) shows that the edge mode bands in the bulk-band gap smoothly connect the two bulk bands. This connection makes the system 'gapless', and these edge modes are called gapless edge mode, which are believed to be the characteristic behavior of the non-trivial topology. However, if |α 0 | is finite, α 0 cos k y changes from −α 0 to α 0 , the tails of the 1D Berry phase θ 1 in Fig.2. (b) for |α| > |α 0 | are not included in the integral ofB 2 , we should haveB 2 < 1. For one specific β, the tail is determined by 1D Berry phase δ α0 (β) = θ 1 (β, −α 0 ) = θ 1 (β, k y = −π), it can be shown that 0 ≤ δ α0 (β) ≤ π 2 (see Fig. 1(j), Fig. 2(a)-(b) or Fig. 4(a)-(c) ). Due to the inversion symmetry, we may findB
. Thus for finite |α 0 |, the system is no more topologically nontrivial asB 2 is no more an integer. However, it is still possible to get the gapless edge modes which connect the two bands when |α 0 | is large enough (Fig. 4. (d) with |α 0 | = 3), thus the occurrence of the gapless edge mode is not the characteristic behavior of topological states of matter, it can occur even whenB 2 is non-integer. On the other hand, the gapless edge modes are not necessary for β > 1. If |α 0 | is small, for example |α 0 | = 1 (Fig.  4. (e) ), the edge modes will not connect to the bottom band. We can smoothly change |α 0 | from infinite to any finite value without closing the gap (Fig.2. (g) ). This means that all of them should belong to the same phase of β > 1. Discrete characteristic number, gapless edge modes are no more the signatures of the phase. Instead, the characteristic behavior of the phase is that the edge modes must connect to the middle band (Fig. 4. (de) ). A consequence of it is a measurable quantized Hall conductance. We can also conclude that, the phase for β > 1 implies that the the center of mass of electron oscillates at the boundary of two unit cells.
In contrast, for β < 1, the center of mass of electron oscillates around the center of unit cell (Fig. 4. (c) ). The half period Berry phase is given byB 2 = − δα 0 (β) π with δ α0 (β) = θ 1 (β, −α 0 ). Now, the edge modes are within the bottom band, and directly connect to it at α 0 cos k y = 0. Thus no edge modes occur in the gap (Fig. 4. (f) ), the Hall conductance purely due to the edge modes is hard to get. Another difference between the phases for β > 1 and β < 1 is the asymptotic behavior. For |α 0 | → ∞, the oscillation of center of mass of electron is pronounced for β > 1 while is negligible for β < 1. In contrast, for |α 0 | → 0, the oscillation of center of mass of electron is relatively small for β > 1 while is pronounced for β < 1.
It is clear that β > 1 and β < 1 are two distinct 2D insulator phases for a fixed value of α 0 . The 2D phase is characterized by the half period Berry phaseB 2 = 1 2π´k (Fig. 1) , within the first Brillouin zone, the gaps of the two energy bands of the 2D material H (β, k y , k x ) (Eq. 4) are closed at k x = 0, 2π, and α = α 0 cos k y = 0, i.e. k y = π/2, 3π/2. The gap closing witnesses a phase transition. We find thatB 2 jumps from − δα 0 (1) π (for β < 1) toB 2 = 1 − δα 0 (1) π (for β > 1). Here δ α0 (1) = θ 1 (β = 1, −α 0 ) at the gap closing can be directly obtained from Fig. 1(k) .
The two 2D phases β > 1 and β < 1 reflect the boundary physics along x direction. This is because the difference between the two phases are the oscillation positions of the center of mass of electrons, which depends on the choice of the unit cell along x direction [9] . If we choose a new cell by a shift so that the the center and the boundary are exchanged, and if the trimer lattice consists of such cells then the physics of two phase is interchanged.
IV. 2D LATTICE: THE PUMPING PROCESS
As mentioned in the beginning, non-trivial 2D topology is demonstrated by adiabatic pumping. However, non-trivial topology is not the necessary condition for pumping. For our system, both the 2D phases can give the pumping process. This is especially realized in the context of photonic lattices i.e. an array of waveguides as shown in Fig. 5.(a) [32, 33] (See Appendix for more details). Light fed in from the bottom of waveguides propagates in the three parts in the time range t ∈ [0, T 1 ], [T 1 , T 2 ] and [T 2 , T 3 ] separately. The timedependent Hamiltonian H (t) (for finite number of unit cell) or H (k x , t) (for infinite number of unit cell) of light has the form (1) or (2) with the new parameters. For example, (2) is replaced by
Now the site index A, B, C is replaced by the waveguide index A, B, C. In the following, we check the pumping process for β < 1 phase for a half period. The parameters are based on the results of Fig. 3 for the α − phase, which also gives decaying bulk modes and satisfy the condition of easy tuning. For both H (t) and H (k x , t), we set ε 0,A = −0.02h 0 i, ε 0,B = 0.02h 0 i, ε 0,C = −0.02h 0 i so that the bulk states decay away in the first time range t ∈ [0, T 1 ]; h CA = 0.5h 0 is also fixed for the whole pumping process. The time dependent parameters h AB (t) and h BC (t) are piecewise function of t: by setting h AB = 0.35h 0 and h BC = 0.7h 0 , we have h AB (t) ≡ h AB and h BC (t) ≡ h BC in the range t ∈ [0, T 1 ]; and h AB (t) ≡ h BC and h BC (t) ≡ h AB in the range t ∈ [T 2 , T 3 ]. The pumping process in the range t ∈ [T 1 , T 2 ] is modeling by a cosine function, h AB (t) and h BC (t) are given by
Here . Obviously, h AB (T 1 ) = h AB and h AB (T 2 ) = h BC , the Hamiltonian of the three time range are connected. The parameters chosen above also guarantee the band gaps of H (k x , t) or H (t) are not closed for the whole pumping process (Fig.6.(a)-(b) ). In this way we avoid the existence of the exceptional points [34] of the non-Hermitian hamiltonian, and the system remains diagonalizable [35] . However, it can be check that pumping process may exist for the gap-closing case.
The propagation of light in such a system can be studied by solving the time dependent Schrdinger Equation i∂ t Ψ (t) = H (t) Ψ (t). Numerically, we separate the pumping range t ∈ [T 1 , T 2 ] in small time intervals, and suppose at each small interval [t j , t j + t], the light propagates with the constant hamiltonian H (t j ), we then obtain
Thus D (t) is the diagonalized form of H (t) for a given t, and the columns of V (t) are the corresponding instantaneous eigenstates. Here N t is number of time intervals, t = T 3 /N t is the interval length.
Nt←1 j
is the abbreviation of ordered matrix multiplication. As the matrices do not commute, the matrix with smaller j index should be at the right. As long as the time interval t is small enough, such a calculation is a good approximation to the time-dependent Schrdinger Equation.
The evolution of lights for different initial states is shown in Fig.5 . The initial states in the coordinates of waveguides can be easily given. For example, in Fig.  5.(c) , the lights are fed in evenly from all the waveguides, the initial state is |Ψ g (0) = 1 1 . . . 1 T . Our plots show the pumping is due to the edge states. In Fig.5.(d-f) , the light is fed in from the most left unit cell.
As initially in the range 0 ∼ T 1 , there is no edge mode at the left edge (Fig. 3) , the light fed in from the most left are carried by the bulk modes, which have completely decayed at the end of the time range 0 ∼ T 1 . Nothing can be pumped or propagated in the two ranges T 1 ∼ T 2 and T 2 ∼ T 3 . In Fig. 5 .(g), though the light is fed in from the site of the most right unit cell, it is still totally decayed in the range 0 ∼ T 1 . This is because the right edge states have no distributions at the site A (Fig. 3 .(e), (f)), and the light is still carried by the bulk modes. The pumping process can be clearly seen from The pumping from right edge to left edge can be seen in time range T 1 ∼ T 2 . After pumping, at the time range T 2 ∼ T 3 , the light propagates at the left sides. Here one thing should be mentioned that there is no distribution of light on the waveguide A in the time range 0 ∼ T 1 and the distribution exists in the time range T 2 ∼ T 3 . This is because the waveguide A connects site A of initial unit cell and site C of finite cell, and the edge modes only exist at site B, C. This situation is reversed for waveguide C. Let's back to Fig. 5.(c) , when the lights are evenly fed in from all the waveguides, after long time evolution, at the range T 2 ∼ T 3 , the distribution is typical like that of edge modes -although in contrast to Fig.5.(h-i) , there is considerable loss output.
We'd like to strengthen that the imaginary parts of the on-site energies ε 0,A , ε 0,B , ε 0,C are important to get the clear signal of pumping. In Fig. 5.(j-k) , the imaginary part of all the on-site energies are set zero, ε 0,A = ε 0,B = ε 0,C = 0 so that the pumping is adiabatic. This change has no remarkable effect on the real part of the spectrum and the eigen states. The only change is that the imaginary parts of all eigenvalues are exactly zero. However, this change changes the pumping considerably. For Fig. 5.(j) , the light is fed in from the the most left wave guide B, the bulk states give a noisy signal after propagation, whereas in Fig. 5 .(e) we have no signal due to decay. For Fig. 5.(k) , the light is input from the most right waveguide B, we can seen relatively stronger signal at the right edge before pumping and the relatively stronger signal at the left edge after pumping. However, as compared to Fig. 5.(h) , the signals are very noisy due to contributions from bulk states.
V. ENHANCED PUMPING
As discussed in above, the positive and negative imaginary parts of the on-site energies completely change the nature of pumping by wiping out the noisy contributions of bulk states. Further more, Fig.5(c,h-i) show that the light transmissions is strengthened during the pumping: the intensities of the left edge modes after pumping are stronger then initial edge modes at the right side.
The enhanced pumping can be well explained by the instantaneous eigen spectrum of the Hamiltonian H (t) for the system of finite length. By solving H (t) ϕ i (t) = t/T 0 0 0.5 1 E i (t) ϕ i (t), the spectrum E i (t) as a function oft/T 0 (with T 0 = T 2 − T 1 andt = t − T 1 ) is shown in Fig. 6(a)-(b) . Only the half period πt T0 ∈ [0, π] involved in pumping is shown, spectrum of another half period πt T0 ∈ [π, 2π] can be easy get from the fact H t = H 2π −t (see (6a) and (6b)). The two extra modes due to the boundaries are marked by blue dashed line and red line. In the real spectrum, they lie in the bottom of upper band and the top of the bottom band; in the imaginary spectrum, the two bands are overlapped and away from the bulk states. In the full time interval, the two extra modes can not always be treated as edge modes. Att = T 0 /2, the real edge bands merge into the real bulk bands, the corresponding eigenstates are also non-localized modes ( Fig. 6(d) ). This merger leads to some transfer of population from edge modes to bulk modes. The speciality of the small range aroundt = T 0 /2 can also be seen from the imaginary part of eigen energies. At most time range, the imaginary parts of the two extra bands are zero while the imaginary parts of bulk modes are smaller then zero. However, in the small range aroundt = T 0 /2 andt = 3T 0 /2, though the imaginary parts of the extra modes are still different from the bulk modes, both the two extra modes and some bulk modes gain the positive imaginary energies. The system thus gains energy in this small range. As the imaginary parts of bulk states change to negative after this small period, the energy gain by the bulk states are decayed to the environment soon. However, as the imaginary part of the two extra modes now becomes zero, the energy gained by the extra modes is retained.
Re(E)
As total, a competing mechanism is introduced in the small range of merging process aroundt = T 0 /2: the extra modes may loss energy to the bulk states, which is decayed in the following process; it may also gain energy from the gain medium. Our numerical results show that the signal of the output left edge mode can be enhanced if the tuning range T 1 ∼ T 2 is made long enough. In such a case, the extra modes can stay at the small range around T 0 /2 long enough, so that the energy gaining from the gain medium can be bigger then the energy losing to the bulk states. The situation can be clearly seen for a wide sample. In Fig. 6(g)-(h) , if we choose T 0 = 600/h 0 , the power gained is not strong enough to fully send the edge mode from left to right, the strength of output left edge modes are weaker then the input right edge modes; if we double the tuning range so that T 0 = 1200/h 0 , output left edge modes are much brighter then the input right edge modes. Through this way, we may enhance well localized states.
VI. NON-RECIPROCITY
Our trimer lattice exhibits a very important property namely non-reciprocity in propagation. More specifically, the pumping process between two reversed phase α − and
Non-reciprocal property of light pumping. The waveguides set (of Fig. 5.(a) ) are up-side down so that α + phase is at the bottom and the α − phase is at the top. Light is fed in from the α + phase: (a), from the most left wave guide B; (b), from the most right waveguide B. The non-reciprocity is clearly seen by comparing Fig. 7a (7b) with Fig. 5e (5h) .
α + is non-reciprocal. In Fig. 7 , the waveguides set of Fig.  5.(a) are made up-side down, and the light is fed in from the α + phase. In Fig. 7.(a) , the light is fed in from most left B wave guide, we can witness the pumping of light from the left to the right. However, as compared to ). The non-reciprocal property is due to breaking of the vertical inversion symmetry P y , which is also equivalent to the broken time reversal symmetry. However, the system still has the π rotation symmetry or equivalently the combination of the vertical and the horizontal inversion symmetries P x P y , which makes It should be noted that we produce non-reciprocity using a linear system (1), which is quite distinct from several other recent approaches which use nonlinear optical methods [26] [27] [28] [29] [30] [31] .
VII. DISCUSSION AND OUTLOOK
We have presented a detailed study of the new phases which can arise in trimer lattices. We specifically emphasize the new phases occurring in finite systems. By studying 1D trimer lattices we reported edge modes and new phases characterized by Berry phases which are piecewise continuous rather than discrete numbers as in case of topological phases. The phase transition occurs at the discontinuity point. We discussed how trimer lattices can be used to have a 2D realization with phases characterized by very specific 2D Berry phases of half period. These characteristic Berry phases change smoothly within a phase while change discontinuously at the transition point. We further demonstrated the existence of adiabatic pumping for each phase and gain assisted enhanced pumping. The non-reciprocity of the pumping process makes the system a good optical diode. The results apply to both electron and photon transport. As discussed in text it is easier to realize the photon transport by using a system of waveguides and we specifically took advantage of adding gain and loss in the waveguides. Photonic lattices provide a new platform for the study of the phases of matter.
In summary our work gives a new paradigm of phases and phase transitions. Other phases may be found in similar ways. As an application, we present a new mechanism for diode action which is based on symmetry. The current research on trimer lattices can be combined with defects which are expected to yield much richer physics.
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Appendix: Design the experiment for pumping A 2D system can be realized by introducing timedependent changes in 1D trimer lattices. The time parameter basically gives the system another dimension. This is especially realized in the context of photonic lattices i.e. an array of waveguides as shown in Fig.  5.(a) [32, 33] . By arranging the distance among waveguides and the coating media within each waveguide, we may form the 1D unit cell that contains any number of sites to model the 1D system. If we smoothly bend the waveguides and slowly change the coating media within waveguides periodically, the light propagates along the waveguides is described by a 2D Hamiltonian. As the number of waveguide is always finite, non-trivial 2D topology can be observed by the fact that light is pumped from one edge to another during the propagation. This is the so-called adiabatic pumping.
One drawback of the physics of propagating light is that there is no analog of the Fermi surface and filled bands. All the non-zero component eigen modes of initial state Ψ (0) contribute to the propagating state Ψ (t). Even when the initial state Ψ (0) is perfectly localized at one edge, bulk states may still have non-zero probabilities at this edge. After propagation, the contribution from bulk states can blur the contribution from edge states. This problem is overcome by introducing small non-Hermitian on-site energies [33] . The key point is to tune the parameter such that all the eigen-energies of bulk states have negative imaginary parts, while the eigen-energies of edge modes are exactly real. When the light propagates for long enough time, all the bulk states decay and only the edge states are left. This results in the clear signal of pumping light.
Non-trivial topology is not the necessary condition for pumping. For our system, both the 2D phases can give the pumping process. This is because the lattice of 1D α + phase is the reverse lattice of α − phase (if the lattice formed by unit cell ABC is at α − phase, the lattice formed by CBA is at α + phase). While the two edge modes of 1D α − phase that α = −α 0 < 0 are localized at the right edge (Fig. 3) , the edge modes of α + phase that α = α 0 are localized at the opposite edge. If we get the 2D system by tuning the parameters, so that the lattice is slowly changed from α = −α 0 to α = α 0 , the two extra modes may slowly move from the right edge to the left edge. Such a pumping process is not affected by β, thus exists for both β > 1 and β < 1 2D phases. Only the half period −π ≤ k y ≤ 0 so that −α 0 ≤ α ≤ α 0 (with α 0 > 0) of H (β, k y , k x ) (Eq. 4) is involved in the pumping process from α − phase to α + phase. This is consistent with the fact that both 2D phases are characterized by the half period Berry phaseB 2 . In the following half period 0 ≤ k y ≤ π, pumping process is inverted and lattice is slowly changed back from α + phase to α − phase.
In the main context, we set the system to check the pumping process for β < 1 phase for half period. With the objective to wipe out the bulk modes signal, the system is designed as follows. The waveguides are supposed to be long enough and are separated in three parts (Fig. 5.(a) ) . The first part 0 ↔ L 1 is the decaying part, the distances and coating media of waveguides are fixed so that waveguides set forms the trimer lattice of α − phase. Long length of this part guarantee that bulk states with negative imaginary parts are fully decayed. In the part L 2 ↔ L 3 , the parameters are set so that waveguides set forms reverse lattice of the first part (see upper of Fig. 5.(a) ), i.e. they are at the α + phase. The middle part L 1 ↔ L 2 is the tuning part, the distances and coating media are slowly changed from α − phase to α + phase. Long length of this part guarantees a smooth tuning, which wipes out other non-adiabatic factors that do not belong to the system. In general we need to bend waveguides smoothly and slowly change the coating medium to achieve tuning. Comparing the unit cell ABC of α − phase and CBA of α + phase, the tuning part from lattice of α − phase to the reverse lattice of α + phase can be simplified if we choose ε 0,A = ε 0,C . We then only need to tune h AB from h AB to h BC and h BC from h BC to h AB . Here the calligraphic symbol A, B, C are used to mark the different waveguides of one unit cell. Experimentally, this can be done by bending waveguide B so that the distances l AB and l BC are exchanged (Fig. 5.(a) ).
